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Radially homothetic spacetime is of Petrov-type D 
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It is well-known Q that all black hole solutions of General Relativity are of Petrov-type D. It 
may thus be expected that the spacetime of physically realizable spherical gravitational collapse is 
also of Petrov-type D. We show that a radially homothetic spacetime, ie, a spherically symmetric 
spacetime with hyper-surface orthogonal, radial, homothetic Killing vector, is of Petrov-type D. As 
has been argued in fl3[, it is a spacetime of physically realizable spherical collapse. 
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I. INTRODUCTION 

In General Relativity, all black hole solutions are 
of Petrov-type D @. Then, it may be expected 
that the spacetime of "physically realizable" spher- 
ical collapse of matter is of Petrov-type D. 

In a recent work |2|, we obtained a spherically 
symmetric spacetime by considering a metric sep- 
arable in co-moving coordinates and by impos- 
ing a relation of pressure p and density p of the 
barotropic form p = ap where a is a constant. 
Such a relation determined only the temporal met- 
ric functions of that spacetime. 

Therefore, although the temporal metric func- 
tions for this spacetime were determined in Q us- 
ing the above barotropic equation of state, same 
metric functions arc determinable from any rela- 
tion of pressure and density. 

This spacetime admits a hyper-surface orthogo- 
nal, radial, Homothetic Killing Vector (HKV). (See 
later.) Hence, it will be called a radially homoth- 
etic spacetime. Since this spacetime describes ap- 
propriate "physical" stages of evolution of spher- 
ical matter, we have argued in || that it is the 
spacetime of physically realizable spherical collapse 
of matter. As we show in this letter, it is a Petrov- 
type D spacetime. 



II. SPACETIME METRIC 

In general, a HKV captures j| the notion of the 
scale-invariance of the spacetime. A homothetic 
spacetime then admits an appropriate homothetic 
Killing vector X satisfying 
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If, in terms of the chosen coordinates, X has 
component only in the direction of one coordinate, 
the Einstein field equations separate for that co- 
ordinate, generating also an arbitrary function of 
that coordinate. This is the broadest (Lie) sense 
of the scale-invariance leading not only to the re- 
duction of the field equations as partial differen- 
tial equations to ordinary differential equations but 
leading also to their separation. 

A spherically symmetric spacetime has only one 
spatial scale associated with it - the radial distance 
scale. Therefore, for a radially homothetic space- 
time, the metric admits one arbitrary function of 
the radial coordinate. We then obtain for a ra- 
dially homothetic spacetime arbitrary radial char- 
acteristics for matter. That is, due to the radial 
scale-invariance of the spherical spacetime, matter 
has arbitrary radial properties in a radially homo- 
thetic spacetime. 

A general spherically symmetric spacetime ad- 
mits, in co-moving coordinates, a metric of the 
form 

ds 2 = _ e 2u(r,t) dt 2 + e 2X(r,t) dr 2 + y2 ^ ^2 (2) 

where dfl 2 = [ dO 2 + sin 2 9 d(f> 2 ] . 

In what follows, we therefore demand that a 
spherically symmetric spacetime of (J^j admits a 
spacelike HKV of the form 



X a = (0,X\r,t),0,0) 



(3) 



Then, the expression ([!]) reduces to the system of 
four equations: 



where $ is an arbitrary constant. 
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(A lP - V r ) X 1 + X\ = 



(7) 



where a comma denotes a derivative and $ is a 
constant. (See ||, for the comprehensive and de- 
tailed discussion of the general conformal geometry 
of the metric @)-) 

Solving the above system of equations for X 1 , v, 
A and Y , we obtain 
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F(r) 
g(t) exp 



-dr 



F(r) 
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-dr 



F{r 
log F(r 



dr + k(t) 



(8) 
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h(t) (10) 
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where F(r) is an arbitrary function of the co- 
moving radial coordinate r. We emphasize here 
that the HKV (j|) is expected, on the basis of Lie's 
theory of differential equations, to generate an ar- 
bitrary function of the radial coordinate r for the 
spacetime. This is seen to be the case. 

Then, the spacetime metric becomes separable 
in co-moving coordinates and is given by 



ds 2 = k 2 (t)exp ^2 J 



h 2 (t) 



F(r) 



dr 2 



-dr 



dt 2 



g 2 {t) dtf 



F 2 (r) 

Now, writing F(r) — y{r)<& /y' , we obtain 
ds 2 = ~y 2 dt 2 + 1 2 {y') 2 B 2 dr 2 + y 2 Y 2 dil 2 



(12) 



(13) 



with a prime indicating a derivative with respect to 
r, B = B(t), Y = Y(t) and 7 = 1/$ is a constant. 
(Temporal function in g u is absorbed by suitable 
redefinition of the time coordinate.) 

Therefore, the imposition of HKV (^) uniquely 
determines, in co-moving coordinates, the spheri- 
cally symmetric metric to ( |l3| ) Q . 

Now, the radial scale-invariance of a spherical 
spacetime identifies the spacetime metric uniquely. 
To see this, let us use a gaussian radial coordinate 
and a area radial coordinate. 

In a gaussian coordinate system, the most gen- 
eral spherical metric is || 

ds 2 = ~ e 2l/(f < T W 2 + dr 2 + f 2 f 2 (f, r)dQ 2 (14) 

The radial scale-invariance then demands the ex- 
istence of a HKV of the form (0, X 1 (f, r), 0, 0). 
Then, (^) implies 



v.rX 1 

xK 







(15) 
(16) 



X\ = $ 



f 



X 1 



(17) 
(18) 



The spacetime metric of a radially homothetic, 
spherical spacetime in a gaussian coordinate sys- 
tem is then uniquely obtained as 



ds 2 



($f + K x ) 2 k 2 (r)dT 2 + dr 2 

+ (<S>f + K 1 ) 2 h 2 (T)dn 2 (19) 



where K\ is a constant of integration from ( [l7| ) . 

Further, for the curvature or the area coordi- 
nates, the general spherical metric is |3| 



ds 2 = -e 2v ^dP + e 2A ^dr 2 



2 dn 2 (20) 



The radial scale-invariance then requires us to im- 
pose the HKV (0,X l {r,t),0,0). Then, (0) be- 
comes 



Vfl 1 = $ 
Xfl = 

xl * 

— = $ 

f 

We then, uniquely, obtain the metric 



(21) 
(22) 
(23) 

(24) 



ds 2 = 



h 2 (F)dP + g 2 (t)dr 2 +? 2 dtt 2 (25) 



As can be easily verified, the three forms above, 



namely, (13), ( |19[) and (|25|), are diffeomorphically 
equivalent to each other. 

We select the metric form (|l3|) in co-moving co- 
ordinates for our present study since it explicitly 
displays the radial scale-invariance of the space- 
time under consideration here. 

Therefore, a radially homothetic, spherical 
spacetime admits a spacelike HKV of the form 



X a = (0,^,0,0) 

jy 



(26) 



and the spacetime metric is then given by ([13|). 

Now, the spacetime of ([l3|) is required, by defini- 
tion, to be locally flat at all of its points including 
the center. 

The condition for the center to possess a locally 
flat neighborhood is 



V 



l/ 7 



(27) 



This condition must be imposed on any y(r). With 
this condition, (^7|), the HKV of metric ( |l3| ) is, at 
the center, y\ r =od/d r . 

Now, y(r) is the "area radius" in (|l3|). When 
y\ r =o 7^ 0, the orbits of the rotation group 50(3) 
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do not shrink to zero radius at the center for (|13|) . 
Consequently, the center is not regular for ( |13| ) 
when y\ r= o ^ although the curvature invariants 
remain finite at the center. 

Also, when y\ r =o = 0, the center is regular for 
the spacetime of ((lj). But, the curvature invari- 
ants blow up at the center, then. 

It is well-known |t| that the center and the initial 
data for matter, both, are not simultaneously reg- 
ular for a spherical spacetime with hyper-surface 
orthogonal HKV. Therefore, the spacetime of ( |l3| ) 
does not possess a regular center and regular mat- 
ter data, simultaneously. 

However, the lack of regularity of the center of 
( |l3| ) for non-singular matter data is understand- 
able § since the orbits of the rotation group do 
not shrink to zero radius for every observer. It is a 
relative conception and the co-moving observer, it 
being a "cosmological" observer, of ( |l3| ) is not ex- 
pected to observe the orbits of the rotation group 
shrink to zero radius. 

Further, the spacetime of a spherical body must 
possess non- vanishing central value for mass in it. 
In Newtonian gravity, this is the theorem: "The 
gravitational force on a body that lies outside a 
closed spherical shell of matter is the same as it 
would be if all the shell's matter were concentrated 
into a point at its center." 

Now, the mass function for the spacetime of ( |l3| ) 
can be defined as 



The Einstein tensor for ( jl3| ) is: 



m(r,t) = 



yY 



1 - 



Y 2 



Y< 



(28) 



where m(r, t) denotes the total mass in the space- 
time, ie, mass of matter together with the "effec- 
tive" contribution due to the flux of radiation or 
heat in the spacetime. 

Then, all points, including the center, of the "ini- 
tial" spacelike hyper-surface, at t = 0, evolve along 
the respective timelike trajectories and, with all 
points of the hyper-surface, non- vanishing mass ex- 
ists also at the center. This is consistent with the 
Newtonian theorem mentioned earlier. 



III. SINGULARITIES AND 



DEGENERACIES OF THE METRIC (13) 



The Ricci scalar for (1 31) is 
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(32) 
(33) 
(34) 



where an overhead dot denotes a time-derivative. 

Now, for the co-moving observer with four- 
velocity U = - J^, the radial velocity of the 

fluid is V r — Y . The co-moving observer is ac- 
celerating for ( |l3| ) since U a = U a . b U b is, in gen- 
eral, non- vanishing for y' ^ 0. The expansion is 

6 = i ( -§ + 2^. Further, B is related to the 

flux of radiation in the co-moving frame. 

Clearly, we may use the function y(r) in ([l3]) as 
a new radial coordinate - the area coordinate - as 
long as y 1 ^ 0. However, the situation of y' = 
represents a coordinate singularity that is similar 
to, for example, the one on the surface of a unit 
sphere where the analogue of y is sin 9 ^ . The 
curvature invariants do not blow up at locations 
for which y' — 0. 

Genuine curvature singularities exist for ( |l3| ) 
when either y(r) — for some r or when the tem- 
poral functions vanish for some t — t s . 

There are, therefore, two types of curvature sin- 
gularities of the spacetime of (|l^), namely, the 
first type for B(t s ) — and, the second type for 
y(r) — for some r. 

Note that the "physical" radial distance corre- 
sponding to the "coordinate" radial distance Sr is 



£ = -/(y')BSr 



(35) 



Then, collapsing matter forms the spacetime sin- 
gularity in (|l3| ) when B(t) = is reached for it 
at some t — t s . Therefore, the singularity of first 
type is a singular hyper-surface for (|l3|). 

The singularity of the second type is a singular 
sphere of coordinate radius r. The singular sphere 
reduces to a singular point for r = that is the 
center of symmetry. For y(r) = for some range 
of r, there is a singular thick shell. Singularities 
of the second type constitute a part of the initial 
data, singular data. 

The metric dl3| ) has evident degeneracies when 
y{r) — constant for some range of the co- moving 
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radial coordinate r or globally. Further, the metric 
( |l3| ) is also degenerate for y(r) = oo either on a 
degenerate sphere of coordinate radius r, for some 
"thick shell" or globally. The degeneracy y(r) = oo 
is equivalent to vacuum. For y(r) = constant, the 
degeneracy corresponds to uniform density. For 
y(r) = 0, the degeneracy is also an infinite density 
singularity. 

In what follows, we shall assume, unless stated 
explicitly, that there are no singular initial- data 
and that there are no degenerate situations for the 
metric (|7^. 



IV. SPACETIME OF THE METRIC (|T|) IS 
OF PETROV-TYPE D 



In what follows, we use a to denote the null 



1 



quantities. For the metric (13), the null basis or 
the Newman-Penrose (NP) vectors are: 
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(36) 
(37) 
(38) 
(39) 



One notes that in a null basis the only non- 
vanishing scalar products are I • n = —1 and 
m • m = 1. 

Then, the corresponding null 1-forms are: 



[ydt + jy'Bdr] 

v2 

-j= [ydt - jy'Bdr] 
y Y 

—= [d9 + i sin 
v2 
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The non-vanishing NP Spin coefficients are, 
then, obtained as: 
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Now, the non- vanishing components of the Weyl 
tensor for (O) are: 
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where 
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As can be easily verified, the NP complex scalars 
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and, hence, that both the NP-vectors I and n are 
aligned along repeated principal null directions of 
the Weyl tensor. The spacetime of (|l^) is therefore 
a Petrov-type D spacetime. 

It is well-known [0 that the shear-free geodesic 
condition on both I and n in Petrov-type D space- 
times ensures that the NP spin coefficients k, a , A, 
v vanish as is evident from the NP spin coefficients 
listed earlier. 



V. CONCLUDING REMARKS 

The black-hole spacetimes of General Relativity 
are all of Petrov-type D @. It is, therefore, gen- 
erally believed that a Petrov-type D spacetime is 
required to describe the physically realizable spher- 
ical gravitational collapse of matter. That this is 
true for spherical symmetry is what is the premise 
of the present paper. 

It is well-known that Penrose || is led to the 
Weyl hypothesis on the basis of thermodynami- 
cal considerations, in particular, those related to 
the thermodynamic arrow of time. On the basis 
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of these considerations, we may consider the Weyl 
tensor to be "some" sort of measure of the entropy 
in the spacetime at any given epoch. 

Then, for non-singular and non-degenerate data 
in (13), the Weyl tensor o f (|l3| ) blows up at the 
singular hyper-surface of (|13|) but is "vanishing" 
at the "initial" hyper-surface since Y = B = for 
the "initial" hyper-surface ||. 

This behavior of the Weyl tensor of (|i~3| ) is in 
conformity with Penrose's Weyl curvature hypoth- 
esis ||. Thus, the spacetime of ( |l3|) has the "right" 
kind of thermodynamic arrow of time in it. 

As a separate remark, we note that, following 
the works of Ellis and Sciama |J, there is an in- 
terpretation JTo| of Mach's principle, namely that 
there should be no source-free contributions to the 
metric or that there should be no source-free Weyl 
tensor for a Machian spacetime. 



We, therefore, also note here that the vacuum 
is a degenerate case for (|l3|). Then, the met- 
ric (|l3| ) has no source-free contributions and the 
spacetime of ([l3|) has no source-free Weyl tensor 
since the data is required to be non-singular and 
non-degenerate for it. The spacetime of (|l3|) is, 
then, Machian in this sense. 
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